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1. Let us consider a quasi-linear self-contained system with two degrees
of freedom of the form

a”‘i" + mizxi = ,J'Fi, (2‘1, Lo, 1’1', xz.i H) (i = 1y 2) (1.1)
The function F; is analytic in its arguments and u is a small parameter.
It is assumed that the frequencles w, and w, are incommensurable.

As 18 known [1], the system (1.1) can be obtained by means of a linear
transformation from a quasi-linear system of general form, the generating
system (p = 0) of which is a conservative system with potential energy repre-
sented in a difinite positive quadratic form.

The initial conditions are assumed as follows [1]
z; (0) = Ay + B, z (0) = 0, z2 (0) = @, z, (0) =P (1.2)

The quantities g, @ and ¢y are functions of u which are expandable
in integral, and 8 1in some cases fractional powers of the parameter, and
vanishing for 4 = 0 . Furthermore, it is assumed that o and depend
also on Ao+ 8 . Thus, we have

oo dPn
P(Ao+B, p)= 2 [Pn(AO) +a4,8+ i‘ "
n=1

dg,
Y (Aot B, p)= ’:qn(Ao) a8+ ---Jun

n=1

The perlodic solution of the system (1.1) with period T,* - 2n/w; + a*
can be expressed in the form

50 = (Ao kB cosont+ X [ Cyult) +

n=t -

dC, (t) 1 d2C., (1)
dd, 3t T —dag > "‘]P"

s d
23 (t) = @ cos wat + % sin wat + Z [Czn () + iz;o(t) 3 - J pt (1.3)

n=1
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The functions (,,(¢) depend on all initial conditions and, consequently,
are composite functions of 4o+ g8 . The derlivatives of these functlons with
respect to 4, are computed by taling th s fact into consideration. The
functions ¢,,(t) for B = O are determined according to Formulas

t
1 . 1 damlF
Cn =", § Hip () sine; (t—t)dh,  Hin(t) = gy ( "?ii"_'li);a:p:o (1.4)

(4

Let us introduce new functions
9y .
Dy (t)=C,, (t) + p,cos st + o, SIn wad
Then the values of the quantities J#,,(¢) in the expanded form will be
Hil (t) = Fi (210, T30y 310.7 .’L‘%’, 0)

oF, aF, oF, OF, \ / oF,
= (a5t ) onr + (z) o+ () wo+ (32, o+ (50),

ete, {1.5)

The subscript O 1n the F, derivatives indicates that for py = 0, in-
stead of xy, X3, %, °, ¥, and u , the values of these quantities,*l.e.
X109 X205 X0 Xz0 * 8nd O should be substituted Into the derivatives.

In order to represent the solution as a serles in yu with coefficients
whose period Tiy= Ev/m, 18 independent of u , the transformation of time ¢
is utilized. To retain the solution in the form {1.3), the coefficients of
this transformation must be functions of 4.+ 8 . Therefore,, the transforma-
tion will be in the form

t=1'[1+.7_1,1_n§1Nn(Ao+B)p."]=h'r (1.6)

For a system with a single degree of freedom the values of the coeffici-
ents N, for 8 = 0 are given in [2]. In the present case we have

1 . 1 . .-
M =g onln (Ty), Na= g [Cia’ (T1) + NiCua™ (T1)]  ete. 1.7
Using the substitution (1.6) we get
1
%3 (8) = z; (hv) = 2;(x), @ () =2 (1) 5~

The system (1.1) becomes . R
2" + hw2z; = phiFy (Z:, 23, 21 —h— R Zs"‘"ﬁ” R p)
This system can also be expressed as
2" -+ 02 = p@; (21, 22, 21,29, W) (i=1,2) 1.8)
Here

1 1 ht —1
®i {Zx, 22, 2, 29, P) = th‘i (21, 23, ZI’T , 29 _h— N P‘) - mi’zi (19}
The solution of the system (1.8) can be expressed in the same form as that

of the system (1.1) -

dc,.*(v) 1 d*C,.*(v)
21 (v) = (Ag <+ B) cos 1T + C,,* (v) + 22 B4 ——tn gy .. ipu?
Z__}l[ 1 a4, 2 dAg ]
. < dCyn* (¥)
23 (1) = @ cos gt -+ %sm 10214 +1§1 [c%: (v} + __5_%;__3.;....] w110

Introducing the notation

g 1 a1
Dy (5) = Gy (7) + Py 05 @37 - - sin g Hy* () = @) ( dp."’li ) B=p=0
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t?en for the quantities #,,*(71) the formulas analogous to (1.5) will take
place

H* (t) = ®; (210, 230, 210", 220’, 0)
9D, LR oD,

(aoi) (aq)i eto

e %* R .

-+ 9zs oDl (t) + /o

The functions ¢,,* (1) and ¢,, (7) are related as follows:

1
Cu* (‘t‘) =Cu(r) — T—1 N1Apwnt sin 01T

1 1 1 14
Cis* (v) = Ci5 (%) + ' N1tCyy’ (T) — 75 NaAyinTsin ot — 5 T N 2A401%t%c0s 01T
eto. (1.41)

Analogously, for the functilons C,,*('r) as well as for the quantitles
H,.*(7) the corresponding formulas can be written. It is not difficult to

show that
Cm* Ty = M, (1.12)

The values of the quantities N, for a single degree of freedom are gilven
in [2]. In the present case

i
My = Cn (Tl), Ms=Cya (Tl) +2T_0)1, Cu'z (Tl) etc. (113)
Proceeding from the initial condition 2,’(0) = 0 , it 1is easy to see that
C¥"(T) =0 (1.14)

Since this equality is fulfilled ldentically, the derivatlves of any order
of O..* (Tl) with respect to 4o are also equal to zero.

2. Let us investigate the stability of the periodic solutions of system
(1.8) with period T, with the assumption that w, and w, are incommensura-
ble. We willl consider the cases when the equation defining the amplltude 4,

Cp* M) =Cy (1)) =0 (2.1)
has not only simple, but also double and triple roots.
We construct the equations in variations for the system (1.8). We have

m;, D, 0D, D

1 1

yi" toly=p [3—21 y1+3—22ya+52—11y1’+a—z;y{] (i=1,2) (2.2)

At the same time it 1s assumed that in the functlons ¢, was substituted
the periodic solution 2z,(T) and =z.(71) with the period T,= 2n/w, . The solu-
tion of the equations in varlations will be sought 1n the form [3]

n()=eu(r),  par)=e v (r) (2.3)

where u(T) and v(T) are periodic functions of T with period T,, while
o 1s the characteristic exponent. Substituting (2.3) for y,(7) and y,(7)
in Equations (2.2), we will obtain the equations for determination of the
functions u(T) and v(7) as well as the characterlistic exponent a

, ) 0w, 0D, L SR N o,
2 (oot oty = [ (G o gt g+ (e o )+ g v
., ) 8Dy Dy |, 0D, , (0D 3Dy oD, 7.
o 2w @ ot)o = [ (5 e Gt T (G e ) v
The functions u(T) and v(T) , as well as the characteristic exponent a
can be expanded in series in integral or fractional powers of u

Since the frequencies of the generating system are equal to w, and w,,
the roots of the corresponding fundamental equation [3] are equal to + 1w,
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and + tw, . Por a periodic solution of the system (1.8), with period T,,
the first two roots are critical and the second not critical,

3, Let us comp te the characteristic exponent ¢! for the critical roots.
Note that in expanding this exponent in 4 the constant term can be omitted.
This follows from the fact that the quantity

e®® = ¢t _ cos 0,7 4 isino,T

1s a periodic function of T with period 7, and, consequently, can be
included in the function u(t) and v(T) .

Let us first consider the case when the perlodic solution of the genera-
ting system 1s expanded 1in power series in .p,’/!, We have

o =a, w4 - ay p e
W (1) = uo (v) + 1wy () + paur () ++ -« (3-4)
oM (1) = w0 (v) + p vy, (1) + pos (v) + -+
Let u = O in Equations (2.4). We have

uy'’ + 0,%uy = 0, vy’ + @0%vy = 0
Hence
ug (1) = Pg cos ;7 + Qg sin @7, v (1) =0 (3.2)
Equating to each other terms with ;.\t in Equations (2.4), we have
u,/’ + mlzu,/’ = —2a,/.u0’, v.',; + u).fv./’ =0
It follows from the periodlcity conditions of the function Uy, (tr) that
o, =0 (3.3)
where this 1s a double root. Thus we obtain
Uy, (1) = P,/2 €0s 0, T + Q,/' sin 0,7, vy, () =0 3.4)

Furthermore, in (2.4) we equate the terms with u in first power. After
certain transformations we get

w1” -+ 012uy = PoKy (v) 4 QoL (v)

@ 1 /00,
21" + o1 = Po <5A_:)o T 0 Ay (W)o (35}
Here
a 1 (9®
Kl (17) = (5%1;)0 + 2a1(l)1 sin mT, L1 (1:‘) = — m—l (#)0 —_ 2(11(1)1 coS 1T (36)

The periodicity conditions for the function u, (T)

T,
S [PoK1 (%) + QoLa ()] ( cos8 W) dr =0

sin o1 T
[}

lead to Equations

dCn*
Py (0)17;;10_ —2Mr> =0, Qo (— 2na;) =0
Two solutions are possible for these equations
1 dC
“1'_“71—3}1%" Qo =0 3.7
or
a; == O, PO =0 (3.8)

Here and in what follows the absence of the argument in the (,;, functlons
or their derivatives means that these functions or their derivatives are
evaluated at T = T,.
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The functions u,(T) 1s defined by Formula

dCu* (T
ui (1) = Picosant + Qisinant - Py [ME&T() — o417 COS m;r} —

: 1
- Qo [EE}‘ Cu* (1) + T sin (nn:] (3.9)

Here the terms proportional to sin w,T with coefficlents independent of
T , which must be placed in parentheses at P, and Qo , are included in
¢ysin w, T .
The general solution of the second equation in (3.5) is
ng}* T
91, (1) = R1 cos w7 -+ S1sin mzf—f'Po“_d;i;‘(‘"l—i—

1 1
+ Qo Agor ['(3; Ha* (0) sin wgt — Cq1* (T)]

Choosing the arbitrary constants R; and & 1in a definite manner, we can
obtain a periodic solution with the period I,
dDy* (1) 1 .
v1(7) = Py ddy Qo g D1* (1) (3.10)

Next, the equation for u, (tf} 1is constructed. After a number of trans-
formations we get '

uy,” - Oruy, = PoKy, (1) + QoL (¥) + Py, K1 {1) 4 Q) Ln (7)
The following notation is used here:

82D, .
Ky, (1) =A,, (m)c + 20ty @1 5in T (3.11)
Ay, 1/ 22Dy 1 (aml) ] .
Ly, (M) =~ Z0; [(61:6/10 )0 T Ay \ T Jo| T %y, 1 COSINT

The periodicity conditions lead to Equations

dazCy* dCn*
Po (A’/z (O] _d'ﬁ%é- -—23[(13/!) + P,/’ (0)1 m —_ 25’(021) =0

o1 dCn* .
Qo (A'&Q—o— T4, 23!0&:/,) — Qy,2n =0

1 din
If o =~T1— a4, then (Qp=0 and consequently
1 d2Cyy o
Oy, = .‘I_’; frd A2’ Qt{z =0 (3.12)
If @g,= O, then PFPy= O and consequently
A
_ A il p, =0 (3.13)

since for dC; /dA,= 0 we have 4, = 0.

Finally, the equation for uz (1) is constructed. Here it is assumed that
dCy, / dAdy =0 and, consequently, a;= O . After quite unwieldy transforma-

tions there results

uy' Fotur= 3 [PK, (1)+ QL ()]
8=0, /a1

1 »D, 93D, dH;9" (7) .
k() = g Ay (g )yt 4 (5ap)y = o, + T sinont

S [(E0) 2 (2D 2 00 ]
L0 = — Ao {—27 Ayl [( avd At )n T A, (fﬁaAo)o + Ao’( at /g +

20, 1 /0Dy ] dH1* (1) }___
A {(5—~‘€3Ao )0 -4 (-5;)0 + %y 202031 €OS 1T

Here
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The periodiclty conditions lead to Equations

1 #Cn* dCy* | dCy
Py (5 Ay 01740 + A g5 + 01 4 —2na,) + (3.14)

@Cn* _ 23t
+ Px/' (Ai/,(ﬂl -‘E‘IOT Cl./,’) =0
1 @1 d20n*
— g 22 7
Q°(2 Ay® 4y dAS
For the first branch of the characteristlic exponent we obtailn
1 /14 d3Cyy d*Cny dM,

+ 1_(:1);1" Cla* (T]) —_ 23'[0.2) —_ Q,/’ 2111,/‘ =0

wa=ps (7 4 T2 + A zag + TR (343)
For the second branch we have
1 i d*Cy
s =gy (7 42 s + Ma) =0 (2.16)

since the expression in the parentheses 1s equal to zero 1n view of the equa-
tion [2] which determines the coefficient Ay,

The subsequent coefflcients of the alt) expansion were not evaluated.
Thus, we have

1 1dCn d2Cyn 1 dsC da:c aM

(ny __ —_ |~z padihdt S/ il ¢ “-n ik

o=y [dAo bt Ay gga b+ (2 Ayl dag TAgae T dAo)""-‘*'"‘] (3:17)
for the first branch and al’:=0 for the second branch of the characteristic
exponent corresponding to the critical roots of the fundamental equation.

4, For triple roots of Equation (2.1) it is possible to have perilodic
solutions of the system (1.8) with a perlod T, which are represented by
series in integral powers of ,'s In this case the characteristic exponent
oV , and the functions y®)(t) ~ and .} (1) can also be expanded in series in
powers of “‘/-:_ For example,

a® = ay b+ oy 0% o (&4)

Computing the coefficients of this serles by the method analogous to the
previous one, and taking into account the fact that in the present case

dCn _ daxCy, _
dAy — dA®
we will obtain for both branches of the characteristic exponent
Oy, =y, =, =0 (4-2)
For the first branch we will also have
1 dCn —1—A zd__sC“
G =70 dA, ! A, = 2T, s dAPS
1 /1 diCn | d3Cy;, . dM; (4.3)
=TT, (’6‘ Ay} g Ay A g + dAo)

The subsequent coefficlents of «,; were not computed.

8. Let us turn now to the calculation of the characteristic exponent a®
for the noncritical roots of the fundamental equation in system (1.8). We
will invesiigate the case when the periodic solution of this system 1is
expanded into a power seriles 1n “',=_ Then

a® :ay a,‘,’p.’/’ Tap ..., ag =+, (5.1)

The functions ¥ (1) and v?(1) are also expanded in series of W'
These functions must be perilocdic with period 7T,
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From Equation (2.4) for u = O we obtain

uy’ + 2euy + (0,2 — @F)uy = 0, ve" T 2040 = 0 {5.2)
We seek the solution of these equatlons in the form
up (1) = Upe'™, v (1) = Voo™

Substituting these expressions into (5.2), we find
mp= 40 —0), mp=F® toy), n,=0 ny=7F20 (5.3
Thus, Equations {5.2) have the following solution satisfying the require-
ments of periodicity:
uy (1) = 0, v (7)) =V, (5.4)

The consideration of the system of equations for u, (t) and w/(T) leads
to the following results: : *

Qx!’ = 0, Li‘i’ (T) = 0, U‘;. (T) == Vl/z (5.5)
Furthermore, we construct the equation for v, {T)
. , . D,

o 4wt [ (32, (32 ]

The periodicity condition for the solution v, {(T) 1s reduced to the absence
of a constant term in the right-hand part of this equation. Hence we get

T,
1 oDy i 0Dy
&= 2T18 [( azy )o + ‘0z (322 >0] dv (5.7
0

Obviously, the same expression for q, wlll be obtained if the periodlc
solution expanded in powers of pvx 1s considered,

6. The investigation of stability for the cases of double and triple
roots of the amplitude equation for a quasi-linear self-contalned system with
a single degree of freedom was carried out in [#]. This work obtained‘the
e}pansions for one root of the characteristic equation in powers of ;iﬁ and

/s, The second root for the self-contained system i1s equal to unity. The
characteristic exponents o wused 1n the present paper and the roots of the
characteristic equation p are related by

a=T-1lnp {T 4s the solution period) 6.1)

Present results show that for the system with two degrees of freedom there
exist four branches of the characteristic exponent from which, in the case
of incommensurable frequencies, one branch 1s real and nonzerc in general,
the second branch zero and two branches complex. Since the functlon x ()
entering into the solution of system (1.1) is of the same form as the solu-
tion of a system with a single degree of freedom obtainable by neglecting
the second equation in (1.1), the function y, (¢) from the solution of the
equations in variations for system (1.1) is of the same form as the solution
of the equation in variations for a system with a single degree of freedom.
Therefore, the first branches of the characteristic exponent for both sys-
tems possess identical forms of expansions in integral of fractlonal power
of the small parameter. S8Second branches in both cases are zero.

The signs of the real parts of the characteristlc exponents are determined
for sufficiently small p by the first, nonzero, coefficlients of the expo-
nent expansions. Then, one of the stabllity conditions coincides in form
with the corresonding condition of stability for a system with a single
degree of freedom if this condition ¢, {To) is everywhere replaced by
12 {T: ). The second condition of stability is the inequality

N
\ (Ga ), ar =\ (Gar) <o ©-2)
it

0
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This result can be easily generalized for the case of the self-contalned
quasi-linear system with »n degrees of freedom when one frequency of the
generating system 1s incommensurable with any other frequency. Also, in
additlion to . the baslc stabllity condition analogous to the condition for a
single degree of freedom, there will esist n — 1 auxilliary conditions of
the type %6.2)
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